Several static spherically symmetric traversable Lorentzian wormholes are now available in the literature. Are they all physically viable? We argue that the test of viability should be linked with the question of total amount of exotic matter needed to maintain the wormhole. It is possible to find a reasonable volume integral quantifier for this purpose. Only if the integral converges asymptotically, and its value is physically identified, the wormhole could be called viable in the sense that it may occur in a natural, comprehensive field theory. With the general relativistic quantifier considered here, it turns out that many famous examples do not pass this test, and we shall attempt to indicate the underlying reason. It will be evident that, for thin shell wormholes too, the quantifier works very well.
Introduction
The importance of static, spherically symmetric traversable Lorentzian wormholes in modern physics need not be emphasized anew. A certain question, however, has yet not received wide attention in the literature: How much of exotic matter does one need to construct such a wormhole in general? To our knowledge, this question has been addressed only recently [1] in the specific context of Thin Shell wormholes. It turns out that the proposed quantifier suffers from certain difficulties and hence a new, more reasonable one has been proposed [2] . Using the latter, we examine below various available wormholes to see if they yield finite, physically identifiable values. It turns out that many do not and hence seem unlikely to occur in a well formulated field theory of gravity.
Our starting point is the conviction that a genuine volume quantifier must provide a correct quantitative measure of the exotic matter. It should be applicable not only to thin shells but also to the cases where the exotic matter is spread over all space. We therefore argue that the integration measure should be such as to satisfy a set of certain minimal physical conditions that can be framed as follows: (i) It must be natural, that is, it must be such that the resulting total mass be the same in any coordinate system with its own natural measure. (ii) If the role of exotic matter is played by some scalar field, then the integrated exotic mass for a given solution must reproduce, at least to first order, the scalar "charge" present in the solution. (iii) The mass must obey some conservation principle, although in general relativity, formulation of this principle is allegedly nonunique. In this matter, we choose the standard formulation that is known and accepted generally.
The purpose of the present paper is this: Having found the integral, we check it against some examples of classic wormhole solutions of general relativity with well known sources of asymptotically decaying exotic matter field. Then we apply the integral to some oftquoted examples in the literature and show that many of them lack physical viabilities for one reason or another. To motivate the readers, we shall first present in Sec.2 some background material from Ref. [2] arriving at the desired volume integral. Next, in Sec.3, we evaluate the integral for two solutions from the Einstein minimally coupled scalar field (EMS) theory. In Sec.4, we consider other solutions and in Sec.5, we briefly indicate a possible reason as to why the artificially constructed wormholes have infinite amounts of exotic matter.
The volume integral
Consider the Morris-Thorne-Yurtsever (MTY) [3] form of a static, spherically symmetric wormhole in the curvature coordinates (t, R, θ, ϕ) (We take G = c = 1):
The throat of the wormhole occurs at R = R 0 such that b(R 0 ) = R 0 , and we assume exp[2φ(R 0 )] = 0. The density and pressures can be calculated in the static orthonormal frame. Then, using these, one has
where the prime denotes differentiation with respect to R. The boundary term has been argued to be zero and the second (integral) part has been proposed in Ref. To get an idea of the values we expect from the volume integral, let us consider the EMS theory given by the field equations
where Φ is the scalar field, R µν is the Ricci tensor and the semicolon denotes covariant derivatives with respect to the metric g µν . We take the signature to be (−, +, +, +) and units G = c = 1. As we are considering only wormhole solutions, the kinetic part of the Lagrangian L 0 must have a negative sign and it is given by L 0 = −(1/8π)∂ µ Φ∂ µ Φ. The corresponding stress energy tensor is defined by T [4] have shown that the general asymptotically flat, static solution has the asymptotic form
where r is the isotropic radial variable, M T and M S are the tensor and scalar masses respectively. (M S may also be termed "scalar charge" on one side in the wormhole scenario.
For two sides, all relevant quantities should be multiplied by a factor 2). M T is also the asymptotic mass M ∞ . Thus we expect to arrive at the value M S for exotic mass via the volume integral.
As we are working in Einstein's theory, it is legitimate to use the general relativistic generalization of the energy-momentum four vector of special relativity defined by the integral (of course, with its attendant limitations) [5] :
µ are the matter and gravitational energy-momentum densities respectively. We localize the latter to be zero in the static orthonormal coordinates. The important thing here is the identification of the integration measure " √ −gd 3 x" and the fact that the integration in the large does yield conserved values. This accounts for (iii) in a general way as long as we employ this measure, and its validity will be guaranteed if it throws up exact relevant values when applied to known examples. Once this condition is fulfilled, the same measure can be used for the volume integral for the Average Null Energy Condition (ANEC) violating matter that we have been looking for. We focus particularly on ANEC because it is the weakest. In the static configuration, we have, P 0 = 0 and P i = 0, and hence, we propose the volume integral
where r 0 is the isotropic throat radius, that is expected to quantify the total volume of ANEC violating matter present in the spacetime. It must be stressed here that while P 0 is a Lorentz scalar, there is no claim that Ω AN EC is also so. With this understanding, we now show, by examples from the EMS theory that Eq.(6), with the pressure part being zero, does indeed satisfy all the conditions (i)-(iii).
Solutions from the EMS theory
The form of a certain exact general class of solutions of the Eqs. (3) and (4) is given in isotropic coordinates (t, r, θ, ϕ) by:
This solution was actually proposed by Yilmaz [6] several decades ago in connection with a generally covariant scalar field theory of gravitation. For this solution M T = M and M S = −M/2. The metric in Eqs. (7) exactly coincides up to second order with the Robertson expansion of any centrally symmetric field and hence describes all the weak field tests of general relativity just as exactly as the Schwarzschild metric does for r > M/2. It is actually a singularity free solution as the curvature scalars are all zero at r = 0 and at r = ∞, and thus the solution has two asymptotically flat regions. The tidal forces are finite everywhere. In fact, it satisfies all the five conditions laid down by Visser [7] for any isotropic form to qualify as a traversable wormhole (see Ref. [8] for more details). The throat appears at r 0 = M. Calculations of the energy density (ρ) and pressures (p r , p θ , p ϕ ) imply that both the Weak Energy Condition (WEC) and NEC are locally violated, as expected in a spacetime containing wormholes. With these expressions, our integral (6) Let us consider a second, but qualitatively different example provided by another class of exact solutions of the set (3), (4):
It was proposed in that form by Buchdahl [9] long ago. The two undetermined constants m and β are related to the source strengths of the gravitational and scalar parts of the configuration. The tensor mass is M T = mβ. Once the scalar component is set to a constant value (Φ = 1 ⇒ β = 1), the solutions (8) reduce to the Schwarzschild black hole in accordance with Wheeler's "no scalar hair" conjecture. Physically, this indicates the possibility that the scalar field could be radiated away during collapse and the end result is a Schwarzschild black hole. But for β = 1, the solution has a naked singularity at r N S = m/2. However, the throat occurs at r that the solution represents a traversable wormhole [10, 11] . The scalar field expands like:
2 ) and provides a charge M S = −(m/2) √ β 2 − 1. Using (6), we find,
from which one can read off the scalar charge, in accordance with what was stated in (ii). Also, like the first example, Ω AN EC = 2Ω pr=0 AN EC . The metric in (8) can be transformed to MTY form under R = re −ψ and we can compute (2) with the "4πR 2 dR measure but that would not give us (9) . Now, tuning β → 1, one can make Ω AN EC → 0, even though we did not have to limit ourselves to any thin shell construction. The above two examples illustrate that these wormholes can occur in a natural way, if the underlying field theory is correct, without the human intervention with a "cut and paste" thin shell technology.
Other solutions
Keeping in mind that the integration measure in (6) is neatly supported by our known wormhole examples as elaborated above, it is curious to see what result it gives for the asymptotically flat "R = 0" self-dual wormhole [1, 12] for which ρ = 0. The metric in isotropic coordinates is given by [12] :
in which ε, λ are arbitrary constants. With this metric, the Eq. ∞ m/2 , we can get rid of this divergence simply by putting ε ≡ 0, so that we have the conclusion that an asymptotically flat spacetime with ρ = 0 must trivially be a Schwarzschild vacuum. This would in fact be the most natural conclusion. To somehow make the volume integrals finite, the other option is to conclude that the spacetime be inevitably a thin shell wormhole, which is certainly not the generic case. One may of course deal with the thin shell case as a different problem. But in this case, the volume quantifier, whatever that is, is always finite by its very construction, and hence can not provide any information about the correctness of the obtained quantity of exotic matter.
Let us calculate our quantifier (6) for some well known examples available in the literature: (a) The simplest one is the φ = 0, b(R) = 2m = constant wormhole [3] . In this case, ρ = 0, p R = − 
which diverges as r → ∞ meaning that an infinite volume of exotic matter is required for maintaining this wormhole. Remarkably, this solution has the same tidal force behavior at the throat as that in our first example [8] . (b) "zero-tidal force" [3] :
This expression logarithmically goes to ∞ as R → ∞ and thus shares the same disease as in (a). (c) The integration of the other zero tidal force solution [3] , viz., φ = 0, b(R) = (4/3)m − (m/3)(m/R) 2 also involves elliptic functions and is uninterpretable in any conceivable way. We do not present the details here. (d) "proximally Schwarzschild" [7] :
In this case too, ρ = 0 and the pressures fall off asymptotically, but we have
which also involves elliptic functions, and is too unwieldy to be physically identifiable.
The following example however fares better [13, 14] : (e) φ = 0, b(R) = m 2 /R. In this case, we straightaway find Ω AN EC = −mπ. This is accidentally a nice result and the value is yet to be identified with the "charge" of some exotic matter field. Let us try to find a possible underlying reason as to why the total ANEC volumes are infinite in other cases.
Normal approach
In each of the above examples in Sec.4, the metric is asymptotically flat satisfying Einstein's equations, dynamical quantities like energy density and pressure are decaying fast enough, tidal forces are finite, traversability is assured. In short, everything is in perfect order. Yet we see that the volume integral (including the one in (2)) asymptotically diverges or produces unwieldy expressions indicating severe limitations for the practical realizations of such wormholes. We may now argue about a "normal approach" along the following lines. The geometric Bianchi identity G ν µ;ν ≡ 0 (where G µν is the Einstein tensor) is always true, no matter how we define the fluid variables on the right hand side. Consequently, any tailored solution (by arbitrarily choosing φ and b) of Einstein's equations will correspond to a set of (ρ, p R , p θ , p ϕ ), but (ρ + p R ) √ −gd 3 x may not always tend to a finite limit asymptotically. One of the underlying reasons for this seems to be that the normal approach is not followed in the construction. The approach may be framed in the statement that, to have finite and reasonable values of the energy integral, the source fluid with (ρ, p R , p θ , p ϕ ) must be predefined by known conservation laws T ν µν (fluid)= 0 in flat space in arbitrary coordinates. Similarly, applying this approach to the case of exotic matter, we require that its stress energy-momentum tensor satisfy similar conservation laws. Now, the EMS theory (with the exotic Φ fluid) does have such separate laws: The right hand side of the field equations involving Φ is such that it independently satisfies the equation T ν µν (Φ) = 0 as shown in Sec.2. Thus, quite expectedly, our integral (6) with (p r = 0) produced conserved, physical values for P 0 in our two EMS examples in Sec.3. On the other hand, the exotic matter fields in the other examples [(a)-(d), with the possible exception of (e)], do not possess such predefined conservation laws and hence the integrals either diverged or threw up unwieldy expressions. It is therefore surmised, though not decisively proven, that physically viable Lorentzian wormholes, that is, traversable and possessing well identified physical quantities, can exist only in the theories for which the exotic field satisfies conservation laws independently of the Bianchi identities G ν µ;ν ≡ 0. To conclude, the volume quantifier (6) has a solid backing of general relativity and its validity has been illustrated in some examples above. Its application in the examples (a)-(d) shows that they require an infinite amount of exotic matter for their maintenance, and hence are unlikely to occur in nature albeit they do serve as excellent illustrative models for traversability. In fact, that was the only motivation for their construction. However, they also serve to illustrate certain limitations. If one goes a step further, and inquires about the possibility of natural occurrence of any such wormhole, then the quantifier can be considered as a reasonable tool for this purpose and the limitations are immediately revealed. Thin shell wormholes, by their very construction, do require only a finite amount of exotic matter. Whatever be the nature of the wormhole, the quantifier should be properly defined in order to correctly assess the quantity of exotic matter present in spacetime. We have not considered here any quantum field theoretic bounds such as the Ford-Roman inequality which generically constrains the wormhole into microscopic (Planckian) size [8, 13] . This quantum constraint is intermediate between pointwise and (line) average energy conditions. We discussed here a kind of classical "volume energy condition" first initiated in Ref. [1] that might, in particular, be applicable to the case of wormholes inflated to macroscopic sizes [14] . It is a task for the future to see how this volume condition relates to several other important theorems in general relativity.
